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Abstract
Let s and z be complex variables, (s) the Gamma function, and (s)ν = (s+ν)(s) for any complex ν the










where α,β, γ ∈ C; Re(α) > 0, Re(β) > 0, Re(γ ) > 0 and q ∈ (0,1)∪N . This is a generalization of the ex-
ponential function exp(z), the confluent hypergeometric function Φ(γ,α; z), the Mittag-Leffler function
Eα(z), the Wiman’s function Eα,β(z) and the function E
γ
α,β(z) defined by Prabhakar. For the func-
tion Eγ,qα,β (z) its various properties including usual differentiation and integration, Laplace transforms,
Euler (Beta) transforms, Mellin transforms, Whittaker transforms, generalised hypergeometric series form,
Mellin–Barnes integral representation with their several special cases are obtained and its relationship with
Laguerre polynomials, Fox H -function and Wright hypergeometric function is also established.
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(αn + 1) , (1.1)
where z is a complex variable and (s) is a Gamma function, α  0. The Mittag-Leffler function
is a direct generalisation of the exponential function to which it reduces for α = 1. For 0 < α < 1
it interpolates between the pure exponential and a hypergeometric function 11−z . Its importance
is realised during the last two decades due to its involvement in the problems of physics, chem-
istry, biology, engineering and applied sciences. Mittag-Leffler function naturally occurs as the
solution of fractional order differential equation or fractional order integral equations.








α,β ∈ C; Re(α) > 0, Re(β) > 0), (1.2)
which is known as Wiman’s function or generalised Mittag-Leffler function as Eα,1(z) = Eα(z).











α,β, γ ∈ C; Re(α) > 0, Re(β) > 0, Re(γ ) > 0), (1.3)
where (γ )n is the Pochhammer symbol (Rainville [8])
(γ )0 = 1, (γ )n = γ (γ + 1)(γ + 2) · · · (γ + n − 1).
The function Eγα,β(z) is a most natural generalisation of the exponential function exp(z), Mittag-
Leffler function Eα(z) and Wiman’s function Eα,β(z). Gorenflo et al. [2,3], Kilbas and Saigo
[4,9] investigated several properties and applications of (1.1)–(1.3).
In continuation of this study, we investigate the function Eγ,qα,β (z) which is defined for
















)n if q ∈ N .
The function Eγ,qα,β (z) converges absolutely for all z if q < Reα + 1 and for |z| < 1 if q =
Reα + 1. It is an entire function of order (Reα)−1.
(1.4) is a generalization of all above functions defined by Eqs. (1.1)–(1.3).
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The Euler transform of the function f (z) is defined as
B
{




za−1(1 − z)b−1f (z) dz. (1.5)
• Laplace transforms (Sneddon [10]):







e−szf (z) dz. (1.6)
• Mellin transform (Sneddon [10]):






zs−1f (z) dz = f ∗(s), Re(s) > 0, (1.7)
then
f (z) = M−1[f ∗(s);x]= 1
2πi
∫
f ∗(s)x−s ds. (1.8)
• Incomplete Gamma function (Rainville [8]):
This is denoted by γ (α, z) and is defined by
γ (α, z) =
z∫
0
e−t tα−1 dt, Re(α) > 0. (1.9)
• Confluent hypergeometric functions (Rainville [8]):
This is also known as the Pochhammer–Barnes confluent hypergeometric function and is de-
fined as







where b = 0 or a negative integer is convergent for all finite z.
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in which n is a non-negative integer.
• Wright generalised hypergeometric function (Srivastava and Manocha [11]):
This is denoted by pΨq and is defined as
pΨq
[
(α1,A1), . . . , (αp,Ap); z






i=1 (αi + Ain)∏q













denotes the Fox H -function.
Carlitz [1] used the following formula:







(a)r (b)m−r . (1.14)
2. Basic properties of the function Eγ,qα,β (z)
As a consequence of the definitions (1.1) to (1.4) the following results hold:
Theorem 2.1. If α,β, γ ∈ C, Re(α) > 0; q ∈ N then
E
γ,q
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∞∑
n=0
(αn + β − β)(γ )qn



































which is the proof of (2.1.2).
Substitute q = 1 in (2.1.2), which immediately leads to (2.1.3). 




















































which is the proof of (2.2.1).
Again using (1.4) and term-by-term differentiation under the sign of summation (which is
possible in accordance with the uniform convergence of the series in (1.4) in any compact set
of C), we have




















which yields (2.2.2). The relations (2.2.3) and (2.2.4) follow from the case q = 1 of (2.2.2) by
taking γ = 1 and α = 1, respectively. 
Theorem 2.3. If α = p
r

















































































































































































































)= e−z r−1∑ z− nr

(
1 − n) ,n=1 r






































and applying (1.9) gives (2.3.2). 









du = Eγ,qα,β+δ(z). (2.4.1)





(x − s)δ−1(s − t)β−1Eγ,qα,β
[
λ(s − t)α]ds
= (x − t)δ+β−1Eγ,qα,β+δ
[
λ(x − t)α]. (2.4.2)
If α,β, γ, δ,μ, ν,λ ∈ C; Re(α) > 0, Re(β) > 0, Re(γ ) > 0, Re(δ) > 0, Re(μ) > 0, Re(ν) > 0





w(x − t)α]Eδ,1α,v(wtα)dt = xμ+v−1Eγ+δ,1α,μ+v(wxα). (2.4.3)





























Φ(γ,β + 1;wz). (2.4.6)

























which is the proof of (2.4.1).
Change the variable from s to u = s−t




















n! B(αn + β, δ);



















































(αn + μ + v)
(wxα)n
n! .
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(2.4.5) follows from (2.4.4) with γ = q = 1 and putting α = q = 1 in (2.4.4) leads to
(2.4.6). 
3. Generalized hypergeometric function representation of Eγ,qα,β (z)
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γ+q−1
q









Convergence criteria for generalized hypergeometric function qFk :
(i) If q  k, the function qFk converges for all finite z.
(ii) If q = k + 1, the function qFk converges for |z| < 1 and diverges for |z| > 1.
(iii) If q > k + 1, the function qFk is divergent for z = 0.














4. Mellin–Barnes integral representation of Eγ,qα,β (z)
Theorem 4.1. Let α ∈ R+; γ, δ ∈ C (γ = 0) and q ∈ N . Then the function Eγ,qα,β (z) is represented









(β − αs) (−z)
−s ds, (4.1.1)
where |arg(z)| < π ; the contour of integration beginning at −i∞ and ending at +i∞, and in-
dented to separate the poles of the integrand at s = −n for all n ∈ N0 (to the left) from those at
s = γ+n
q
for all n ∈ N0 (to the right).
Proof. We shall evaluate the integral on the RHS of (4.1.1) as the sum of the residues at the
poles s = 0,−1,−2, . . . . We have











































n! = (γ )E
γ,q
α,β (z). 
5. Integral transforms of Eγ,qα,β (z)
In this section, we discussed some useful integral transforms like Euler transforms, Laplace
transforms, Mellin transforms, Whittaker transforms.











(γ, q), (a, σ ); x
(β,α), (a + b,σ );
]
, (5.1.1)
where a, b,α,β, γ,σ ∈ C; Re(a) > 0, Re(b) > 0, Re(α) > 0, Re(β) > 0, Re(γ ) > 0, Re(σ ) > 0



















(γ, q), (a, σ ); x
(β,α), (a + b,σ );
]
,
which is the proof of (5.1.1). 









(1,1), (a, σ ); x
(β,α), (a + b,σ );
]
. (5.1.2)






dz = (b)Eγ,qσ,β+b(x). (5.1.3)0
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1∫
0
za−1(1 − z)b−1 exp(xzσ )dz = (b)2Ψ2
[
(a, σ ), (1,1); x








x(1 − z)α)dz = (a)Eγ,qα,a+β(x). (5.1.5)

























































which is the proof of (5.2.1). 
Remark. Special cases of (5.2.1) are given below.







dz = s−a(1 − xs−σ )−γ . (5.2.2)




















, where Re(s) > |y| 1α . (5.2.3)
s ∓ y





s ∓ s1−α , Re(s) > 1,


























(sα ∓ y)k+1 , where Re(s) > |y|
1
α . (5.2.4)















s ∓ y)k+1 , where Re(s) > y
2. (5.2.5)
Theorem 5.3 (Mellin transforms).
∞∫
0
t s−1Eγ,qα,β (−wt)dt =
(s)(γ − qs)
ws(γ )(β − αs) , (5.3.1)
where α,β, γ, s ∈ C; Re(α) > 0, Re(β) > 0, Re(γ ) > 0, Re(s) > 0 and q ∈ N .















f ∗(s)t−s ds, (5.3.2)
where
f ∗(s) = (s)(γ − qs)
ws(γ )(β − αs) ,
using (1.7), (1.8) and (5.3.2), which immediately leads to (5.3.1). 
To obtain Whittaker transform, we use the following integral:
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0
e−t/2tv−1Wλ,μ(t) dt = 
( 1




2 − μ + v
)
(1 − λ + v) ,
where Re(v ± μ) > −1
2
.
















(γ, q), ( 12 ± μ + ρ, δ); wpδ
(β,α), (1 − λ + ρ, δ);
]
, (5.4.1)
where α,β, γ,ρ, δ ∈ C; Re(α) > 0, Re(β) > 0, Re(γ ) > 0, Re(ρ) > 0, Re(σ ) > 0 and q ∈ N .
















































)n ( 12 + μ + ρ + δn)( 12 − μ + ρ + δn)






(γ, q), ( 12 ± μ + ρ, δ); wpδ
(β,α), (1 − λ + ρ, δ);
]
,
which is the proof of (5.4.1). 
6. Relationship with some known special functions (generalised Laguerre polynomials,
Fox H -function, Wright hypergeometric function)
6.1. Relationship with generalised Laguerre polynomials























(kn + μ + 1)
zkn
n!
= (m + 1)







(km + μ + 1)
(kn + μ + 1)
zkn
n!
= (m + 1) Z(μ)[m ](z, k), (6.1.1)(km + μ + 1) q
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q
](z, k) is a polynomial of degree [mq ] in zk .
In particular, Z(μ)m (z,1) = L(μ)m (z), so that
E−mk,μ+1(z) =
(m + 1)
(km + μ + 1)L
(μ)
m (z). (6.1.2)
6.2. Relationship with Fox H -function


















∣∣∣∣ (1 − γ, q)(0,1), (1 − β,α)
]
. (6.2.1)
6.3. Relationship with Wright hypergeometric function
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